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Abstract

Using the Hamilton-Jacobi and the Lagrange formalisms, a pair of relativistic
quantum mechanics equations are obtained by abduction. These equations, in
contrast with the Klein-Gordon and other relativistic quantum mechanics
equations, have no solutions with both positive and negative kinetic energies.
The equation with solutions with only positive kinetic energy values describes
a spin-0 particle of mass m, which is moving at relativistic speeds in a scalar
potential. The wavefunctions and the energies corresponding to the asso-
ciated antiparticle can be obtained by solving the other equation, which only
has solutions with negative kinetic energy values.
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1. Introduction

The best-known relativistic quantum mechanics equations are the Klein-Gordon
and Dirac equations [1] [2]. Both equations have solutions corresponding to a
particle with mass m with both positive and negative kinetic energy values [1]
[2]. Classical particles only can have positive kinetic energy values. The same
occurs for the Schrodinger equation, which is the best-known non-relativistic
quantum mechanics wave equation [3] [4]. Therefore, the existence of solutions

of relativistic wave equations, that seems to correspond to a particle with nega-

DOI: 10.4236/jmp.2022.134030 Apr. 21, 2022 432 Journal of Modern Physics


https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2022.134030
https://www.scirp.org/
https://doi.org/10.4236/jmp.2022.134030
http://creativecommons.org/licenses/by/4.0/

L. G. de Peralta, A. Ruiz-Columbie

tive kinetic energy, was a puzzle that conducted to the theoretical prediction of
the existence of antiparticles [1] [2] [3] [4]. The existence of antiparticles is to-
day a well-known experimental fact [1] [2] [3] [4]. Today, it is well-know that
antiparticles also have positive kinetic energy values [1] [2] [3] [4]; nevertheless,
the concept of antiparticle remains associated to the solutions of the Klein-Gordon
and Dirac equations corresponding to negative values of the kinetic energy [1]
[2].

Recently, an interesting relativistic quantum mechanics wave equation that
does not have solutions corresponding to a particle with negative kinetic energy,
has attracted our attention [5] [6] [7]. The authors of this work have been stud-
ying for a while the so-called general Grave de Peralta (gGP) equation [5] [6] [7]
[8] [9]:

ihﬂ\yz—ivz\mvw, With,u:1+—7/m. (1)
ot 2u 2

This is a Schrodinger-like, but relativistic quantum mechanics equation, that
describes the quantum states of a particle moving in a scalar potential ( V) with
an effective mass ¢ > 0, which depends on the parameter y [9]. When y =1, then
M = m, the relativistic invariant mass of the particle; thus, Equation (1) coincides
with the Schrédinger equation [3] [4]. Equation (1) is the Grave de Peralta (GP)
equation when y is the classical Lorentz factor of the special theory of relativity
(5] [6] [7] [10]:

p?
y =1+ 27 2)

In Equations (1) and (2), cis the speed of the light in vacuum, # is the reduced
Plank constant, and p = |p|, where p is the particle’s three-dimensional linear

momentum. Another practical choice for the parameter y was proposed by Po-

veda [8]:
, with 7 =, | (3)

The quantum operators in Equations (1) and (3) are [1]-
. . ~ a2 2
inl = F-me?, p=—inv, K=p—=—h—v2. (4)
ot (y+)m 24

In Equation (4), the energy operator (A is associated to the total energy of

r\)'c)
N

N_

- o7e)-

the particle after discounting the energy associated to its mass (m¢), and the ki-
netic energy operator (K) includes the correct relativistic relation with the linear
momentum operator [5] [6] [7] [8]. Consequently, in the Poveda’s approach, yis
the average value of the Lorentz factor in the quantum state ¥ [8]. Notably, Equ-
ation (1) reduces to well-known quantum wave equations in both the non-relativistic
and ultra-relativistic limits. In the ultra-relativistic limit p>mc (y>1), Eq-
uation (1) with V = 0 reduces to the following Weyl-like equation for a free
spin-0 particle [11]:
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ihﬁkp =pcY & EE\P =-VV¥. (5)
ot cot

Previous works has focused in stablishing the existing relationship between
Equation (1) and the best-known relativistic quantum mechanics wave equations
[5] [6] [7] [8] [9] [11]. Taking advantage of the formal similitude between the
gGP and Schrédinger equations, Equation (1) have been solved, following the
same mathematical procedures required for solving the same problems using the
Schrodinger equation, for a free particle [7], confinement of a quantum particle
in box [5] [6] [7] [8], reflection by a sharp quantum potential [5], tunnel effect
[5], the harmonic oscillator [9], and the Hydrogen atom [12] [13]. This allowed
the extension to the relativistic domain of well-known results previously ob-
tained using the Schrédinger equation [3] [4].

In this work, the attention in focused on the relationship of Equation (1) with
well-stablished theoretical methods. We show here, for the first time, how Equa-
tion (1) and the following equation [14]:

inlw-_" ey vy (6)
ot (y+1)m
can be obtained by abduction using the Lagrange and Hamilton-Jacobi formal-
isms [1] [15] [16]. Equation (6) can be rewritten as Equation (1) but with ux < 0.
Equation (6) is a complementary gGP-like equation recently reported [14]. In
contrast with Equation (1), Equation (6) only has solutions with negative kinetic
energy values [14]. This work is then directed to explore the theoretical founda-
tions of Equation (1) for any real value of u.

The rest of this paper is organized in the following way. In Section 2, for
self-reliance purposes, a summary is presented about how Equations (1) and (6)
can be formally obtained. Then, in Sections 3 and 4, for the first time, we present
how these equations can be obtained by abduction using Hamilton-Jacobi and
Lagrange formalisms. Finally, the conclusions of this work are given in Section 5.

2. Poirier-Grave De Peralta Equations

How to obtain Equations (1) and (6), by applying a formal first quantization
procedure on a Lorentz-invariant equation, which involves the energy-momentum
4-component vector (p*), has been discussed before [8] [14]. In short, we can
start from the following Lorentz-covariant equation, which gives the module
square of the energy-momentum 4-component vector of a free classical particle

with mass m, energy F, and 3-component linear momentum p [1]:
p“p,=9"p,p, =mc’. 7)

In Equation (7), g is the metric tensor and p* and p, are the covariant and

contravariant energy-momentum 4-component vector, respectively [1]:

E E . [E E
pﬂ={;,—p}={?—px.—px,—pz}, p* ={?p}={?px,px,pz}- (8)

The Lorentz-covariant Equation (7) can be transformed in the following Lo-
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rentz-covariant quantum wave equation:
p“p W=g“p p Y < -hg” ﬂi\{f & E— p? | =m’c’D.  (9)
" v ox” ox* c?
by making the following formal first-quantization substitution [1]:

E—>H =ih§, p— p=-inVv. (10)

Equation (9) is the Klein-Gordon equation for a free spin-0 particle with mass
m [1] [2]. We can proceed in the same way for obtaining the Klein-Gordon equ-
ation for a particle moving in a scalar potential V; but we should substitute £by
E— Vand Hby H— Vin Equations (8) and (9), respectively. We then obtain [1]
[2]:

w 00 mc?
X" ox* h

+—j<1) =0 [(ﬁ v} )2 —mzc“]q) = C°h*VPD.  (11)

Due to its relative importance [1] [2] [3] [4], we will limit the scope of this
work to study the wave equations of a spin-0 particle with mass moving in a sca-
lar potential. The general case including the presence of an external magnetic
field will be discussed in a separated work. Equation (11) can be rewritten in the

following way [8]:
[(I—]—V)—mcﬂ[(l—]—V)+mc2}®:czﬁz®. (12)
Using the following identities [8] [9]:

A2 2
RerP o Ty (popyme? = [P+ mic —me?. (13)

(7+1)m B (7+1)

When K :(E—V)—mC2 >0, then (E—V)+m02 =(7/-4—l)mC2 ; therefore,

Equation (12) can be rewritten as [5]:

N h?
H-V)-mc* |d=- V. 14
[( ) -me J G+1) (14)
However, when K = (E —V)+mC2 <0, then (E—V)—mC2 :—()/ +1)mC2 ;
therefore, Equation (12) can be rewritten as [14]:
h2

(7+1)

[(F-V)+me* |o - V2o, (15)
Consequently, Equation (12) reduces to:

2

————V?®, +VD, +mc’D,, if K>0
o (7+1)
ih—o, = (16)
o - oo, ) .
VO +VD_ —med_, if K<0

G

The Poirier-Grave de Peralta (PGP) equations are obtained from Equation

(16) after introducing the wavefunctions V. in the following way [8]:
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2 LI
v v withw, —de ™ ifK >0
0 ()/+1)

iy, = (17)

ot - 7 ) i et A
+— VWY +V¥_,with¥_ =D e’ if K<0
(7+1)
Using Equation (13), Equation (17) can be rewritten as:
inlw,
ot

2

“itkso (18

a2 2 2.2 2 ; _ ‘%mc
+Pict+mictY, +VW, -mc*Y,, with ¥, =d e
(PP +mPY VY +mePY  with ¥ =D e

The top equation in Equation (18) is related to the so called “spinless Salpeter”

2

“if K <0

equation, a relativistic equation widely used to describe hadrons as bound states
of the constituent quarks [17] [18] [19] [20]. Note the operator iid/dt — mc in
the top equation in Equation (16) is the operator H'in Equations (1) and (4).
Different approximations may be used for substituting in Equation (17) the op-
erator y by a parameter y [8] [9], thus transforming Equation (17) in Equation
(1) for any real value of w. For instance, we could use the Poveda’s approach that
considers y as the average value of the operator yin the quantum state V. (Equ-
ation (3)). Alternatively, we could use the Grave de Peralta’s approach that con-
siders y as the classical Lorent’s factor of special theory of relativity.

The energies E. =E, —mc® and the wavefunctions ¥, that can be obtained
by solving the top equation in Equation (17), correspond to a spin-0 quantum
particle with mas m, = m, energies E, = E[, wavefunctions ¥, = V., and kinet-
ic energies Kp =K, =E!-V >0 [5] [6] [7] [8] [9] [11] [12] [13]. Assuming
that yis a parameter, if the particle is a charged particle with charge g, = ¢, and
V'is a potential produced by others charged particles surrounding the particle,
then ¥ change of sign when the sign of all the particles producing the potential
change of sign (C-transformation). Consequently, the top equation in Equation
(17) can be obtained from the bottom equation (and vice versa) by making the
charge-parity-time (CPT) symmetry operations [1]: £> —¢ (T-transformation), r
> —r (P-transformation), and V- — V(C-transformation); Ze. [14]:

in- _w - "’ VAY_+ (V)Y
o(-t) +1 - -
( 8) (v hz) ”
Sih—¥, =- V¥, +VVY,.
ot (y+1)

In resemblance of the hole theory for the Klein-Gordon and Dirac equations
[1] [14], this means that if the top equation in Equation (17) describes the states
of a charged particle moving in a scalar potential ¥, which is produced by others
charged particles surrounded the particle; then, the bottom equation in Equation
(17) describes the states of the associated antiparticle moving in a scalar po-
tential — V; which is produced by the corresponding charged antiparticles sur-

rounded the antiparticle (matter-antimatter indistinguishability). This implies
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that the energies E' =E_ +mc? and the wavefunctions ¥_, that can be ob-
tained by solving the bottom equation in Equation (17), are related to the cor-
responding energies ( E, = —E' ) and wavefunctions of the antiparticle associated
to the spin-0 particle [14].

3. Hamilton-Jacobi Formulation of the gGP Equations

The relativistic Lagrangian corresponding to a classical particle of mass m mov-
ing in a scalar potential V'with speed vis given by the following expression [15]:

mc? 1

£=-"C v, withy= Y (20)

4 1_(\,)2 mec
C

The relativistic Lagrangian defined by Equation (20) is not written in a cova-

riant form, but written in a preferred inertial frame, while V'is a scalar potential
depending only on position, which is related to a conservative force in the Lo-
rentz inertial frame under consideration [15]. The corresponding particle’s rela-
tivistic Hamiltonian, written in the preferred inertial frame, is then given by
[15]:

H-V :v%—ﬁz p?c? + m%c* = ymc?. (21)

Therefore:
(H-V )2 = p®c® + m?c”. (22)

Note that Equation (22) is not equivalent to Equation (21) because Equation
(21) gives only one of the two possible solutions of Equation (22):

V%—EZ pzcz +m2C4 :ymcz, if H-V > mC2

H-V= (23)

_(V%_Ej =—/p?c® +m’c* =—ymc?, if H-V <-mc?

While a classical particle only can have non-negative values of the kinetic
energy (H - V- mc), both cases in Equation (23) are possible for quantum par-

ticles. The relativistic Hamilton-Jacobi equation for a classical particle is [16]:

1fes T
VS —=|=+V | +m%* =0. 24
It can be obtained from Equation (22) using the following relations [16] [17]:
oS
=VS, H=——. 25
p at (25)

In Equations (24) and (25), Sis the action, which is defined by the following
expression [16]:
rt)

S(rt)=S, +J';(ro’to)£dt. (26)

The integral in Equation (26) should be evaluated along the extremal curve J
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joining the initial and final positions at the initial and final times; the final and
initial positions and the final time should be considered variables while the ini-

tial position is fixed [16]. Equation (24) can be rewritten as:

Ké*vjm"z}[‘(@”j*m"z}“’:°2<Vs>2 @, @)
ot ot

The formal first quantization procedure described in Section 2 corresponds, in
the Hamilton-Jacobi formalism, to the so-called Schrodinger ansatz [16]:
S(r.t)=—iaLn[ ®(r.t)]
0S oo

S22 @=-ir—=Hd and VS® =—iAV®D = pd.
ot ot

(28)

This transform Equation (24) in Equation (11) and Equation (27) in Equa-
tion (12). As it was shown in the previous Section, from Equations (11) and
(12) follows Equation (1). We have then found how to obtain Equation (1), for
any real value of 4 from the relativistic Lagrangian corresponding to a classic-
al particle of mass m moving in a scalar potential V (Equation (20)). A more
heuristic analysis seems pertinent here. It has been showed above how to obtain
the gGP equation (Equation (1)): from a proper Hamilton-Jacobi equation that
enunciates a regularity in a classical wave’s phase (Equations (24) and (27)) to
an ansatz expression (Equation (28)) that allows the construction of an equa-
tion for the whole quantum wave (Equations (11) and (12)), and then the
identification of the quantum operators involved. Perhaps engineer-minded
people would identify this heuristic path as reverse engineering, something logi-
cians prefer to call an abduction (the best possible explanation). In any case, the
Schrédinger-like wave approach is a step back to continuousness, to a partial
differential equation defined on the classical configuration space and abducted
from the Hamilton-Jacobi framework that may offer a new way to approach
complementarity, understanding it not only as a wave-particle duality but also
as a tight-connected regularity via phase’s consistency. Notice that the same
Schroédinger’s ansatz (Equation (28)) provides a unique bridge between classical
mechanics and quantum mechanics independently of their relativistic or non-

relativistic character.

4. Lagrange Formulation of the gGP Equations

Quantum mechanics equations can also be obtained from a Lagrange density
that depends on the fields ¥ and W* [1]. In this Section, for clarity, we will de-
note the quantum fields corresponding to the +gGP equations as ¥, and ¥_, thus
they satisfice Equation (1) with & > 0 and g < 0, respectively. Therefore, the
quantum field W satisfices the same equations but with 7 changed by —i. As-
suming that yis a parameter, it is easy to show that the Lagrange densities cor-

responding to the +gGP equations are given by the following expressions:

2 . +1 . +1) . L2
L = —h—(vqg)-(V\Ig)—ullng+ —uuh\}g P 9
2m 2 2 ot
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And:
2 “ 1 . 1. .
L Z—h—(V‘Pf)-(V‘I’f)—M‘I{V‘I{ +M|hlyiai. (30)
2m 2 2 ot

This means, the quantum fields ¥. and ¥, must satisfice the following Eu-

ler-Lagrange (field or wave) equations [1]:

af o(o¥. )| ov.
. at -
r . (31)

ol oL, oL, _v{m }

a| oL, or, | oc
at a[ a\PjJ v, '

ot

A straight substitution of Equations (29) and (30) in Equation (31) demon-
strates that Equations (29) and (30) gives the correct Lagrange densities corres-
ponding to the £gGP equations. For instance, substituting Equation (29) in Eq-

uation (31), we obtain:

oL o| oL
w ) 07w vy
8| —* 8| —*
ot ot
(32)
oL, _ (Y. 0| oL |_ (r+1), 0¥,
oV’ 2 oot oyl 2 ot
8| —=+ —
ot ot
+1 " +1 .
25 =_(y2 )iha;+—(72 vy,
’ (33)
1
oL __(rl)yy |
ov 2
And:
2 2
oL :_h_v\pijv oL :_h_vzxy:,
VY, 2m VY, 2m
oL n? oL ? GO
—=—— V¥, V| — |=—— V¥ .
V¥, 2m V¥, 2m
Therefore:
* 2
L S VA +VY,
ot (7+1)m
o¥ n? %
ih—==— V¥ +VY .
ot (y+1)m

As expected, in the non-relativistic limit the Lagrange density corresponding

DOI: 10.4236/jmp.2022.134030 439 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134030

L. G. de Peralta, A. Ruiz-Columbie

to the +gGP (Equation (29) with y = 1) is also the Lagrange density correspond-
ing to the Schrédinger equation [1].

5. Conclusion

We presented how to obtain a pair of relativistic quantum mechanics equations
by abduction from the Hamilton-Jacobi and Lagrange formalisms. In contrast
with Klein-Gordon and others relativistic quantum mechanics equations, the
+gGP equation (Equation (1) with x> 0) has only solutions with positive kinet-
ics energies, while the —gGP equation (Equation (1) with x < 0) has only solu-
tions with negative kinetics energies. Therefore, solving the +gGP equation al-
lows for finding the wavefunctions ¥, = ¥ and energies (E, = E]) of a spin-0
particle of mass m, which is moving in a scalar potential at relativistic speeds.
Complementarily, solving the —gGP equation allows for finding information about
the energies (E, =—E') and wavefunctions corresponding to the associated an-

tiparticle.
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